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The synthesis of nanocrystals with narrow size distributions
and precisely controlled sizes1�7 is important to their use in

energy harvesting applications,8 light emitting devices,9 and
biological imaging.10,11 In typical nanocrystal syntheses, precur-
sors are added to a reaction mixture where they undergo a
chemical reaction that supplies crystallizable “monomers”.1�7,12�14

When the monomer concentration reaches a critical level
(significantly above its equilibrium solubility), a burst of nuclea-
tion occurs. As monomers condense into nuclei and then
contribute to nanocrystal growth, their concentration falls below
the critical level, ending nucleation.15

As the monomer concentration is depleted by nanocrystal
growth, it approaches the equilibrium solubility and Ostwald
ripening begins (also termed as Lifshitz�Slyozov�Wagner
growth as described by LSW theory).16�18 Under these condi-
tions, smaller nanocrystals dissolve and larger nanocrystals grow
by an evaporation�condensation process, causing the cube of
the average nanocrystal diameter to grow linearly with time and
the polydispersity to increase with increasing average diameter.16,17

While the nucleation and Ostwald ripening growth regimes are
well-documented features of nanocrystal growth, fewer studies
have documented the effect of a slow precursor reaction on the
growth kinetics.

Mechanisms that continuously supply monomer to solution
can prevent Ostwald ripening and instead improve the mono-
dispersity of the final product. Sugimoto has theoretically shown
that under diffusion limited growth high monomer concentra-
tions in solution can force smaller crystals to grow faster than
larger ones, thereby causing the nanocrystal size distribution to
become narrower with time.19 Experimental evidence of this
behavior was obtained by Wey and Strong in the precipitation of
AgBr microcubes.20 Peng et al. found evidence of similar
behavior in the synthesis of CdSe and InAs nanocrystals, where
“focusing” of the distribution occurred upon injection of

additional precursors during growth.14 While Sugimoto has
qualitatively described the conditions necessary for narrowing,
a quantitative description of “size focusing” and its relationship to
monomer supply during growth is lacking.

Recently, a number of studies have probed the kinetics of
precursor conversion to monomers in nanocrystal synthesis.12,21�26

In these studies, precursors slowly convert to monomers as
nanocrystals grow. This leads to a pseudosteady state monomer
concentration that is controlled by the kinetics of precursor
conversion, rather than controlled by the solubility as in Ostwald
ripening, and that can influence the narrowing of the size
distribution. To quantitatively understand the relationship be-
tween monomer production rates and nanocrystal growth, we
propose a theoretical model and show that “size focusing”might
be extended throughout a synthesis if monomer production can
be sustained at sufficient rates during growth12,19,27,28 and even
more efficiently if the nucleation and monomer production can
be decoupled.
Derivation.We begin by using the same governing equations as

employed by LSW theory16�18 for the rate of diffusion-limited
growth of a single nanocrystal of radius R

dR
dt

¼ vD
R

ðc� c¥Þ � 2γc¥
RkT

� �
¼ KD

R2

R
Rc

� 1

� �
ð1Þ

The behavior embodied in eq 1 is plotted schematically in
Figure 1 (adapted from Sugimoto’s work). Here, c(t) is the
solution monomer concentration at time t, c¥ is the monomer
solubility, D is the monomer diffusivity, v is the crystal molar
volume, and γ is the crystal surface tension. The second equality
follows from the definitions that KD = (2γν2c¥D)/(kT) and
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ABSTRACT: We present a theoretical description of how continuous
monomer production affects the focusing of nanocrystal size distributions
in solution. We show that sufficiently high monomer production rates can
drive a decrease in the polydispersity even as the average nanocrystal size
increases. This is in sharp contrast to Ostwald ripening, where polydis-
persity increases with mean crystal size. We interpret several experimental
nanocrystal studies through our model and show how production-con-
trolled growth promises exquisite control over the size and polydispersity
of functional nanocrystals.
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Rc = [2γν/kT][c¥/(c�c¥)]. A central quantity is the “critical”
radius, Rc, where dR/dt|R=Rc

= 0. Crystals with R > Rc will grow in
a solution of monomer concentration c, while crystals that are
smaller than Rc will shrink. The distribution evolves slowly,
becoming increasingly polydisperse with time, and the standard
deviation of sizes asymptotically approaches σ = 0.215ÆRæ at long
times and large sizes. Note that the maximum growth rate occurs
at R = 2Rc.
We augment the LSW derivation by including a production

rate of new monomer in the bulk, in an instantaneous “monomer
balance” in solution
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0
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_c is the rate of newmonomer production, f(R,t) is the nanocrystal
size distribution function at time t, and Z =

R
0
¥f(R,t)dR is the

number concentration of nanocrystals. We hypothesize that the
growth process quickly becomes pseudosteady, that is, dc/dt≈ 0.
(This assumption holds for any _c that does not increase with
time, as validated in Supporting Information. We show c(t) �
exp(�At4/3) when _c is constant.) In this limit, eq 2 then yields
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where the first equality follows from eq 1 (see Supporting
Information). We highlight several salient features of eq 3. First,
for _c = 0, this yields the LSW result ÆRæ = Rc. Second, eq 3
expresses the fact that under pseudosteady conditions the rate of
production of crystallizable material is equal to the total growth
rate of crystals. This simple mass balance result simply reflects
our central pseudosteady assumption where the monomer
concentration in solution does not change significantly. Third,
large values of _c result in ÆRæ.Rc, andOstwald ripening does not
occur; in this “production-controlled” limit, eq 1 reduces to dR/
dt�KD/R. Therefore, (a) smaller crystals grow faster than larger
ones, and the size distribution becomes more monodisperse as
the average size increases, and (b) almost no nanocrystals are

shrinking and the nanocrystal concentration Z is constant. The
question is, what experimental conditions define whether pro-
duction-controlled growth or Ostwald ripening will occur? To
establish this transition, we introduce a dimensionless quantity ξ
that we call the “size focusing coefficient,” which is the ratio of the
monomer production rate per particle to the Ostwald ripening rate

ξ ¼ v_c
4πZ

1
KD

¼ ÆRæ
Rc

� 1

� �
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We now consider the size distribution, f(R,t), and how it
narrows as ÆRæ increases. f(R,t) obeys the continuity equation
∂f/∂t= ∂/∂R[f(dR/dt)]16�18,29 in its temporal evolution. The
LSW treatment provides an analytical solution for f by assuming
it has a time-independent shape h(R) where f(R,t) = g(t)h(R),
and thus the solution is obtained by separation of variables.16,17

Since size focusing causes the distribution to become narrower
with time, the constant-shape assumption is invalid here and it is
not readily possible to derive a general solution to f(R,t) for _c > 0.
Instead, we investigate only the evolution of σ, the standard
deviation of nanocrystal sizes, through the use of an assumed
distribution function, for example, a time-dependent Gaussian.
Employing a Gaussian with average ÆRæ and variance σ into the

continuity equation yields a nonlinear differential equation
whose exact solution is intractable. To gain insights into the
behavior of the size distribution function, we employ a regular
perturbation analysis in the region near R = ÆRæ. Therefore, we
replace R with ÆRæ(1 þ ε) and examine only ε , 1, such that
terms of higher order than ε are negligible. We thus obtain the
following two equations corresponding to the ε� and ε1 terms:

� 1
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We see immediately that σ decreases with time only for ξ > 1
[eq 5a], in accordance with previous assertions. Therefore, for
any ξ > 1 (i.e., ÆRæ > 2Rc or at high monomer concentrations),
some narrowing occurs, and σ2/ÆRæ2 eventually becomes negli-
gible at long times. In this case, eq 5b reduces to eq 3. Combining
eqs 5a and 5b at long times for ξ > 1 yields the following
differential equation

1
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For ξ constant or nearly so, we may integrate this equation from
an arbitrary time t0 where the average size and standard deviation
are ÆRæ0 and σ0

σðtÞ
σ0

¼ ÆRæ
ÆRæ0

� �1=ξ � 1

ð7Þ

This is our essential result: an equation that details the exact
degree of size focusing expected given a monomer production
rate embodied in ξ, the size focusing coefficient. This conclusion
is in quantitative agreement with the scaling argument of
Sugimoto that size focusing only occurs when ÆRæ > 2Rc and
the single-crystal growth rate decreases with size.14,19

To substantiate the model’s accuracy, eqs 3 and 7 have been
compared against numerical simulations of nanocrystal growth

Figure 1. The instantaneous growth rate for a single nanocrystal
in a supersaturated monomer solution, as given by Sugimoto.19 The
“broadening zone” and “narrowing zone” correspond to the regions
R < 2Rc and R > 2Rc.
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based on Mantzaris’ population balances.29 Details are noted in
the Supporting Information, but the essential result is that for
constant ξ, the model equations describe the simulation results
to within 2% error on every point and less than 0.3% overall rmsd.
Equations 3 and 7 are thus verified by comparison to this
numerically exact approach. However, its relevance to experi-
ments is only explored in the next section.
Note that LSW theory includes two treatments of Ostwald

ripening, in which either diffusion or the surface adsorption
reaction is the rate limiting step. The above derivation was
performed for diffusion limited growth, and we note that we
also performed the analogous derivation for surface-reaction
controlled growth. In this case, in eq 1, D/R is replaced with a
reaction constant ksurf. For _c very high in this regime, however,
dR/dt no longer has a decreasing tail for large R, and as a result no
narrowing can occur. Performing the equivalent Gaussian anal-
ysis for f under surface-reaction control, we find σ � ÆRæ1/ξ and
no value of ξ causes σ to decrease with time. Therefore, size
focusing is only possible at high _c for diffusion-limited growth.
Comparison with Experiments. There is little systematic

data that addresses the role of monomer production kinetics on
the polydispersity of nanocrystal sizes. Furthermore, it is challen-
ging to accurately measure nanocrystal concentrations, particu-
larly at small sizes where the error in size measurement leads to
large errors (perhaps 30% or more) in the measured nanocrystal
volume.21 This makes it difficult to obtain experimental proof of
size distribution focusing for nanocrystals and hinders experi-
mental validation of our theory. It also underscores the impor-
tance of establishing how production rates control size distribu-
tions.
For general insights, we can make predictions based on eq 7.

Figure 2 plots the diameter-polydispersity relationship at various
ξ � _c and a fixed nanocrystal concentration (Z). These plots
illustrate the power of controlling the monomer production. In
the limit _c≈ 0, Ostwald ripening occurs and the % polydispersity
remains constant near 21%, according to LSW theory.16,17 In the
production-controlled limit, _c f ¥, narrowing occurs to its
maximum degree with σ � 1/ÆRæ as the crystals grow. We

conducted numerical simulations with various ξ values and found
that ξ = 102�103 is essentially equivalent to the ξf ¥ limit. In
this limit, if one begins with nanocrystals at 2.0 ( 0.4 nm (20%
polydisperse), then the size distribution will evolve over time to
4.0 ( 0.2 nm (5% polydisperse), then 6.0 ( 0.13 nm (2%), and
then 9.0 ( 0.09 nm (1%). While such highly monodisperse
crystals have been produced in this manner with micrometer
dimensions,30,31 our predictions show that monodisperse dis-
tributions can be created for nanocrystals smaller than 10 nm, as
long as the focusing coefficient is large enough.
We now make a detailed comparison to some of the available

experimental data, where narrowing has been observed and the
kinetics of precursor conversion to monomer have been studied. In
the size-focusing experiments published by Peng et al.,14 an injection
of precursor to the solution during growth led to an immediate drop
in polydispersity followed by a slow rebroadening of the distribution.
To quantitatively model this data with our theory, we must have
measures of the precursor reaction rate, the nanocrystal concentra-
tion Z, and the LSW constant KD. As data for these quantities are
unavailable, these are used as fitting parameters. On the basis of our
previous observations,21 the injection of CdMe2 and TOPSe pre-
cursors leads to amonomer production that follows two competitive
pathways: a rapid CdMe2 thermolysis and a much slower acid-
catalyzed TOPSe cleavage.32 To fit the changes in size observed
upon injection, we used a single bimolecular rate law with first order
kinetics, which effectively captures the reaction kinetics at early times.
Our fit yielded k = 0.0490 M�1 s�1, KD = 6.0 � 10�4 nm3/s, and
nanocrystal concentrations after the first (Z1 = 1.09� 10�4 M) and
second (Z2 = 3.83 � 10�5 M) injections (Figure 3).33

For further validation, we employed Peng’s assumption that
Ostwald ripening occurs between injections, roughly t = 75�190
min, as evidenced by the broadening distribution. If this is the
case, the diameter should obey the LSW growth law, ÆRæ3� ÆRæ03 =
(4/9)KDt, and the polydispersity should follow Wagner’s
equation VI.9:17 % σ = (%σ)0 exp[(KDt)/ÆRæ3]. These two

Figure 2. Parametric plot of the steady-state narrowing and broadening
of nanocrystals. A NC mixture, initially with average diameter ÆDæ0 and
standard deviation σ0, grows over time to ÆDæ and σ with a monomer
production rate _c and size focusing coefficient ξ. ξ = 0 results in Ostwald
ripening, while ξ > 1 causes size focusing. The lines show the degree of
focusing for different magnitudes of ξ, approaching σ� 1/ÆDæ as ξf¥.
The points represent the size focusing/Ostwald ripening transition
when monomer production is due to a 1st-order precursor reaction,
thus ξ(t) = ξ0 exp(�kt).

Figure 3. Comparison of theory and data from Peng et al.14 (Top)
Diameter data (squares). (Bottom) % standard deviation data (diamonds).
Solid lines represent ourmodel in eqs 3 and7, dashed lines representOstwald
ripening by LSW theory.
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expressions are plotted as dashed lines in Figure 3, using the
value of KD extracted from our fit. The results are in good
agreement with the observed changes in diameter and poly-
dispersity,34 reinforcing the value of KD extracted from this data.
We next turn to a second study of CdSe nanocrystal syntheses

by Chan et al.,12 where eighteen independent CdSe syntheses
were conducted with various precursor concentrations. In this
study, the concentration of CdSe crystal units was measured
directly via UV�vis absorption. With this data, we may develop
an accurate expression for _c from [CdSe] instead of assuming a
chemical mechanism.35 We find that a bimolecular rate expres-
sion (kP[CdOLA][TOPSe]) provides a more than adequate
representation of the kinetic data with rmsd = 6.7%. Figure 4a
plots the experimental data and our model for three representa-
tive reactions. KD = 9.6 ( 2.3 � 10�3 nm3/s was fit as a single
constant that spans all syntheses that underwent narrowing.
Additionally, the variation of the fit parameter Z against the
initial reaction rate (Figure 4b) is consistent with Sugimoto’s
theory of nucleation36 in which Z varies linearly with the initial
monomer supply rate, _c0, during nucleation. This lends self-
consistency to the assumed kinetics and fit values. We note,
however, that because Z varied so closely with _c0 across the
various reactions, the parameter ξ did not change significantly
between syntheses, as shown in Figure 4c. The observed decrease
in ξ across all three syntheses arises from the decreasing reaction
rate, which is analogous to the first-order reaction kinetics (ξ �
e�kPt) plotted in Figure 2. This pattern is discussed in more
detail below.
Discussion. An interesting aspect of our theory is that the

extent of focusing (ξ) depends on both themonomer production
rate (_c) as well as the number of nanocrystals (Z). Although a lack
of systematic data makes it difficult to unequivocally verify our
prediction, the studies by Chan and Peng are qualitatively
consistent with the relationship between _c, Z, and the focusing
coefficient. In the study by Chan et al., _c0 and Z are proportional
to one another across the range tested (Figure 4b) and no
significant differences in the focusing coefficient are observed
(Figure 4c). On the other hand, in the study by Peng et al. the
second injection of precursors does lead to increased focusing
because Z is already fixed at this point in the reaction (i.e., no new
nanocrystals are formed) and ξ increases with the increase in _c.
A number of studies have shown a relationship between the

monomer production rate and the number of nuclei. Theoretical
predictions published by Sugimoto show that Z can be propor-
tional to the rate of monomer production during homogeneous
nucleation (_c0)

36 A number of experimental studies have pro-
vided evidence supporting this correlation, both in the synthesis
of micrometer-sized silver halide crystals and in the synthesis of
semiconductor nanocrystals.21,31,36,37 As a consequence of this
relationship, when a single injection of precursors causes homo-
geneous nucleation and growth, increasing _c will not effect
changes in the initial ξ value (ξ0 � _c0/Z ≈ constant). Further-
more, because _c(t) depends on the precursor concentrations, the
function _c/_c0 is identical for any initial precursor concentrations.
Therefore, even large changes to the precursor concentrations
will have little impact on the extent of narrowing, unless they
influence KD. On the other hand, by controlling the nucleation
and growth processes independently, one can influence the
narrowing of the size distribution during a nanocrystal synthesis.
Seeded growth is one such strategy where nuclei are supplied

from an external source, the number concentration of which can
be varied over a large range, independent of _c. These conditions

Figure 4. Comparison of theory and data from Chan et al.12 (a)
Experimental data (points) and our model (curves). The three data sets
have initial conditions [Se]0/[Cd]0 = 74.2/37.1, 38.4/77.0, and 74.2/
74.2 mM. (b) Variation of fit parameter Z vs the model’s initial reaction
rate kP[Cd]0[Se]0. The solid line in (b) is a linear fit between Z and
kP[Cd]0[Se]0 with zero intercept, as predicted by Sugimoto.36 (c)
Variation of the size focusing coefficient, ξ(t), showing no change vs
precursor concentrations. All error bars reflect measurement error.
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are effectively obtained in the study by Peng et al., where the
second precursor injection does not effect nucleation; thus Z is
established prior to the second injection and the new ξ may be
adjusted through the volume of the injection. Likewise, under
conditions where nanocrystal precursors are mixed at room
temperature and slowly heated, nucleation occurs at a lower
temperature than growth, potentially leading to higher pseudos-
teady state supersaturation.38

Conclusion. We have developed a theory of size distribution
focusing of nanocrystals that includes a rate at which monomers
are produced in the reactionmedium over time. Using our model
we show how size distributions of nanocrystals can narrow or
broaden depending on the rate of the monomer production and
the number of nanocrystals. We further suggest that seeded
nanocrystal growth reactions are likely to give rise to synthetic
methods where size focusing can be best controlled. Under these
conditions the number of nanocrystals and the monomer
production rate can be independently tuned to optimize size
focusing and permit the a priori design of procedures that
produce nanocrystals of a desired size and polydispersity.
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